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Question 1 

(a)Find the first derivatives of the function : 

     𝑓 𝑥, 𝑦, 𝑧 = 𝑥. sinh 𝑥 + 2𝑦4 + ln 𝑧 

(b)Find the envelope of the curves :   𝑥2 + (𝑦 − 𝑎)2 = 4𝑎. 

(c)Determine the extrema of the function :  𝑓 𝑥, 𝑦 = x2 − 3y2 − 8x + 12y. 

 

Question 2 

(a) Find  F  where :    𝐹 = 𝑥4 + 𝑥. sin 𝑦 + 𝑦. cosh 𝑧    

(b) Find  . U  and  x U  where :   𝑈 =  𝑥2𝑦 𝑖 +  𝑦𝑧 𝑗 + (𝑥𝑧 + cos 𝑧)𝑘. 

(c) Find the integral :   𝑥 + 𝑦 𝑑𝑥
(2,4)

(0,0)
+  2𝑥 − 𝑦 𝑑𝑦  along the curve   𝑦 =  𝑥2     

 

Question 3 

(a)Find  u  and  v of  the function : 𝑓 𝑧 = ln 𝑧   and show that they satisfy  

    Remmain’s equations. 

(b)If  C is the circle | z | = 3, find the integrals : 

    (i)  
ln (𝑧+8)

𝑧+4𝐶
𝑑𝑧               (ii)  

 3𝑧+1

𝑧𝐶
𝑑𝑧              (iii)  

𝑧

 𝑧−1 (𝑧−2)2𝐶
𝑑𝑧 

 

Question 4 

(a)Find  u  and  v of  the function : 𝑓 𝑧 = 𝑧2 + 2𝑧   and show that  u  is harmonic. 

(b)Find the Fourier series of the function : 

    𝑓 𝑥 = x ,       − 1 ≤ x ≤ 1,    f x + 2 = f(x) 
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                     Good Luck                                 Dr. Mohamed  Eid  
 
 



Model Answer 

Answer of Question 1 

(a) 𝑓𝑥 = 𝑥. cosh 𝑥 + sinh 𝑥,   𝑓𝑦 = 8𝑦3,   𝑓𝑧 =
1

𝑧
 

-------------------------------------------------------------------------------------------------4- Marks 

(b)Differentiate with respect to  𝑎,  we get :  −2(𝑦 − 𝑎) = 4. Then 𝑎 = 𝑦 + 2 

The envelope is : 𝑥2 + (2)2 = 4(𝑦 + 2)  Or   𝑥2 = 4𝑦 + 4  

-------------------------------------------------------------------------------------------------4- Marks 

(c)From :  𝑓𝑥 = 2𝑥 − 8 = 0,   𝑓𝑦 = −6𝑦 + 12. We get  x = 4,  y = 2. 

Then  ∆=  𝑓𝑥𝑥 . 𝑓𝑦𝑦 − (𝑓𝑥𝑦 )2 =  2  −6 = −12. Then (4, 2) is saddle point. 

-------------------------------------------------------------------------------------------------4- Marks 

Answer of Question 2 

(a)  ∇𝐹 =  4𝑥3 + sin 𝑦 𝑖 +  𝑥 cos 𝑦 + cosh 𝑧 𝑗 +  𝑦 sinh 𝑧 𝑘     

-------------------------------------------------------------------------------------------------2- Marks 

(b)  ∇. 𝑈 = 2𝑥𝑦 + 𝑧 + 𝑥 − sin 𝑧. 

∇xU =   

i j k
∂

∂x

∂

∂y

∂

∂z

x2y yz xz + cos z

  =  0 − y i −  z − 0 j +  0 − x2 k 

-------------------------------------------------------------------------------------------------4- Marks 

(c)    𝑥 + 𝑦 𝑑𝑥
(2,4)

(0,0)
+  2𝑥 − 𝑦 𝑑𝑦 =  (𝑥 + 5𝑥2 − 2𝑥3)

2

0
𝑑𝑥 =

22

3
   

-------------------------------------------------------------------------------------------------4- Marks 

Answer of Question 3 

(a) 𝑓 𝑧 = ln 𝑧 = ln(𝑥 + 𝑖𝑦) = ln[ 𝑥2 + 𝑦2 . 𝑒i tan −1𝑦

𝑥 ] =
1

2
ln 𝑥2 + 𝑦2 + i tan−1 𝑦

𝑥
 

Then  𝑢 =
1

2
ln 𝑥2 + 𝑦2   𝑎𝑛𝑑   𝑢𝑥 =  

𝑥

𝑥2+𝑦2
, 𝑢𝑦 =  

𝑦

𝑥2+𝑦2
  

          𝑣 =  tan−1 𝑦

𝑥
  𝑎𝑛𝑑   𝑣𝑥 = − 

𝑦

𝑥2+𝑦2
, 𝑣𝑦 =  

𝑥

𝑥2+𝑦2
 

We see that   𝑢𝑥 = 𝑣𝑦    𝑎𝑛𝑑   𝑢𝑦 = −𝑣𝑥   

-------------------------------------------------------------------------------------------------4- Marks 

 



(b)(i) 
ln (z+8)

z+4C
dz = 0   because  

ln (z+8)

z+4
  is analytic inside C, – 4  outside  C.   

(ii)  
 3z+1

zC
dz = 2πi f 0 = 2πi 0 + 1 = 2πi   because  0 inside  C.   

(iii)Since the two points  1,  2  inside  C. Then         

Res
z=1

f(z) = lim
z→1

 z − 1 .
z

 z − 1 (z − 2)2 = lim
z→1

z

(z − 2)2 = 1 

Res
z=2

f(z) = lim
z→2

  z − 2 2 .
z

 z − 1  z − 2 2 ` = lim
z→2

 
z

z − 1
 ` = −1 

Then   
z

 z−1 (z−2)2C
dz = 2𝜋𝑖  1 − 1 = 0 

-------------------------------------------------------------------------------------------------8- Marks 

Answer of Question 4 

(a)  𝑓 𝑧 = 𝑧2 + 2𝑧 = 2𝑥 + 𝑥2 − 𝑦2 + 𝑖(2𝑦 + 2𝑥𝑦) 

Then  𝑢 = 2𝑥 + 𝑥2 − 𝑦2  and  𝑣 = 2𝑦 + 2𝑥𝑦 

Then  𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 2 − 2 = 0. Hence  u  is harmonic. 

-------------------------------------------------------------------------------------------------3- Marks 

(b)Since  f(x) is odd. Then  𝑎0 = 𝑎𝑛 = 0 

 𝑏𝑛 =
1

1
 𝑥. sin 𝑛𝜋𝑥

1

−1
𝑑𝑥 = 2  𝑥. sin 𝑛𝜋𝑥

1

0
𝑑𝑥 = 2  

−𝑥 cos 𝑛𝜋𝑥

𝑛𝜋
+

sin 𝑛𝜋𝑥

 𝑛𝜋  2
 =

2

𝑛𝜋
(−1)𝑛+1 

𝑇ℎ𝑒𝑛   𝑓 𝑥 =  
2(−1)𝑛+1

𝑛𝜋

∞

𝑛=1

sin 𝑛𝜋𝑥 

-------------------------------------------------------------------------------------------------3- Marks 

Dr. Mohamed  Eid 
 


